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Abstract 



o 

(N 

I For the Caldirola-Kanai system, describing a quantum damped harmonic oscillator, a 

3^ i couple of constant-of-motion operators generating the Heisenberg algebra can be found. 

The inclusion of the standard time evolution symmetry in this algebra for damped systems, 
in a unitary manner, requires a non-trivial extension of this basic algebra and hence the 
physical system itself. Surprisingly, this extension leads directly to the so-called Bateman's 
i dual system, which now includes a new particle acting as an energy reservoir. The group 

i| of symmetries of the dual system is presented, as well as a quantization that implies, in 

particular, a first-order Schrodinger equation. The usual second-order equation and the 
inclusion of the original Caldirola-Kanai model in Bateman's system are also discussed. 



PACS: 03.65.-w., 02.20.-a, 2.30.Hq. 



^ ■ 1 Introduction 
O ' 

I The interest in dissipative systems at the quantum level has remained constant since the 

early days of Quantum Mechanics. The difficulties in describing damping, which intuitively 
could be understood as a mesoscopic property, within the fundamental quantum framework. 



, have motivated a huge amount of papers. 

Applications of quantum dissipation abound. For example, in quantum optics, where the 
quantum theory of lasers and masers makes use of models including damping [T|, or in the 
study of decoherence phenomena [2]. Some authors have modeled dissipation by means of the 
^ I theory of open systems or the thermal bath approach, in which a damped system is considered 

^ ■ to be a subsystem of a bigger one with infinite degrees of freedom [3l [2]. However, damped 

- - - systems are interesting in themselves as fundamental ones. In particular, the quantum damped 

harmonic oscillator, frequently described by the Caldirola-Kanai equation [HO, has attracted 
much attention, as it could be considered one of the simplest and paradigmatic examples of 
dissipative system. 

The description of the quantum damped harmonic oscillator by the Caldirola-Kanai model, 
which includes a time-dependent Hamiltonian, has been considered to have some flaws. For 
instance, it is claimed that uncertainty relations are not preserved under time evolution and 
could eventually be violated |6l [7]. Many considerations were made in this direction. For 
example, Dekker in |8] introduced complex variables and noise operators to tackle the problem, 
claiming that no dynamical description in terms of a Schrodinger wave function can be expected 
to exist. In [9], a non-linear Schrodinger-Langevin wave equation was proposed as the starting 
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point in formulating the quantum theory. However, this inconsistency seems to be associated 
with a confusion between canonical momentum and "physical" momentum |10j . 

Despite these considerations about the Caldirola-Kanai model, many developments went 
ahead. Coherent states were calculated in by finding creation and annihilation operators, 
built out of operators which commute with the Schrodinger equation. The corresponding number 
operator turns out to be an auxiliary, conserved operator, obviously different from the time- 
dependent Hamiltonian. This paper also defined the so-called loss energy states for the damped 
harmonic oscillator. The famous report by Dekker |12j provides a historical overview of some 
relevant results. 

The analysis of damping from the symmetry point of view has proved to be especially fruitful. 
In a purely classical context, the symmetries of the equation of the damped harmonic oscilla- 
tor with time-dependent parameters were found in |13) . Two comprehensive articles, |14| I15| . 
are of special interest. In those papers the authors found, for the damped harmonic oscillator, 
finite-dimensional point symmetry groups for the corresponding Lagrangian (the un-extended 
Schrodinger group [16]) and the equations of motion (5^(3, M)) respectively, and an infinite con- 
tact one for the set of trajectories of the classical equation. They singled out a "non-conventional" 
Hamiltonian from those generators of the symmetry, recovering some results from Then, 
they concluded that the damped harmonic oscillator should not be claimed to be dissipative 
at all at the quantum level, since this "non-conventional" Hamiltonian is conserved and even 
related to an oscillator with variable frequency. In any case, it still remains to address the 
symmetry role of the time translation generator ih-^. In fact, ih-^ acting on a solution of the 
Schrodinger equation is no longer a solution. As a consequence, the time evolution operator U 
does not constitute a uniparametric group of unitary transformations. Equivalently, the solution 
of the equation ih^U = H{t)U is not e^*^^*\ but rather the time ordered product Te"'^ Z'^^*)'^*, 

referring to the Neuman series, or the Magnus series e^^^^*^ |17| . 

Many papers related to the Caldirola-Kanai model keep appearing, showing that the debate 
about fundamental quantum damping is far from being closed. We can mention |18| . where the 
driven damped harmonic oscillator is analyzed, or the review |19| . Even the possible choices of 
classical Poisson structures and Hamiltonians, or generalizations to the non-commutative plane, 
have deserved attention as recently as in |20) and |21j . respectively. 

In fact, in [22], the authors provided a neat framework to study this model, based on a quan- 
tum generalization of the Arnold transformation |23j . The integrals of motion and symmetries 
were identified and exploited to calculate wave functions, basic operators and the exact time 
evolution operator. 

Besides the Caldirola-Kanai model, the Bateman's dual system appears as an alternative de- 
scription of dissipation in the damped harmonic oscillator. In his original paper |28) . Bateman 
looked for a variational principle for equations of motion with a friction term linear in velocity, 
but he allowed the presence of extra equations. This trick effectively doubles the number of 
degrees of freedom, introducing a time-reversed version of the original damped harmonic oscil- 
lator, which acts as an energy reservoir and could be considered as an effective description of a 
thermal bath. The Hamiltonian that describes this system was rediscovered by Feschbach and 
Tikochinsky |29| [30l [31] [12] and the corresponding quantum theory was immediately analyzed. 

Some issues regarding the Bateman's system arose. The Hamiltonian presents a set of 
complex eigenvalues of the energy (see |33) and references therein), and the vacuum of the 
theory decays with time. This last feature was treated in |32j . where Celeghini et al. suggested 
that the quantum theory of the dual system could find a more natural framework in quantum 
field theor}0. On the other hand, in |33) the generalized eigenvectors corresponding to the 

^We feel that the ultimate reason is nevertheless the lack of a vacuum representation of the rele- 
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complex eigenvalues are interpreted as resonant states. 

Bateman's dual system is still frequently discussed |34| . Many authors have considered this 
model as a good starting point for the formulation of the quantum theory of dissipation. One of 
the aims of this chapter will be to show that the study of the symmetries of the Caldirola-Kanai 
model leads to the Bateman's dual system, thus to be considered as a natural starting point for 
the study of quantum dissipation. 

The purpose of this article is to throw some light on the subject of quantum dissipation by 
putting together all those bricks with the guide of symmetry. We begin in Section [2] by recalling 
the results from [22], in the case of the damped harmonic oscillator with constant coefficients. 
In particular, by using the quantum Arnold transformation, we import basic operators from 
the free particle system, which satisfy the condition of being integrals of the motion and close 
a Heisenberg algebra. Also, the complete set of symmetries of the quantum free particle, the 
Schrodinger group, can be realized on the Caldirola-Kanai model, providing as many conserved 
quantities as in the free particle. 

Time translations in the non-free system do not belong the imported Schrodinger group. 
This is to be expected, as the classical equation of motion includes a friction term and the 
energy in this system is not conserved. The following question immediately arises: Is there 
any finite-dimensional group of symmetry containing time translations and, at least, the basic 
operators? The answer is 'y^s', and Section [3] pays attention to this question in the case of the 
damped harmonic oscillator and the surprising consequences of the subsequent calculation: for 
this symmetry to act properly, it is necessary to enlarge the physical system with a new degree of 
freedom, corresponding to a new particle with interesting properties. This could be understood 
as a very simple version of the gauge principle, in which a bigger symmetry for the original "free" 
system is imposed. In fact, this new system with two degrees of freedom is the Bateman's dual 
system. Taking advantage of the symmetry approach, we will go a bit further and provide a 
group law corresponding to the symmetries of the dual system (Section 13. 3p . 

With the light of this group law, in Section |5] we give an analysis of the quantization of 
the dual system that we have encountered. In particular, we show that it is possible to find a 
first-order Schrodinger equation (Subsection 14. ip . from which the wave functions and the energy 
spectrum can be obtained, as well as the more usual second-order equation. In Subsection 14. 21 we 
illustrate how the Caldirola-Kanai system can be recovered by means of a constraint process. An 
Appendix is devoted to the study of an infinite dimensional symmetry algebra for the damped 
particle. 



2 Basic operators in the Caldirola-Kanai model 

Let us first introduce the Caldirola-Kanai equation, which is a Schrodinger equation for the 
Damped Harmonic Oscillator (DHO): 

^^^ = HDHO<t>^-^e -*^ + -ma;Ve-V, (D 

where 7 and cj are constants defining the system. It is derived by standard canonical quantization 
from a time-dependent Hamiltonian whose quantum operator is Hdho- The corresponding 
classical equation of motion is 

X -|- 7x -|- uJ^x = . (2) 

There are different ways to identify basic position and momentum operators associated with 
classical conserved quantities (Noether invariants). In general a conserved quantum operator 

vant group (see Section 
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0{t) must satisfy the relation: 

^d{t)^-l-d{t) + ^[H{t),d{t)]=0. (3) 

We find particularly interesting the Quantum Arnold Transformation (QAT) technique de- 
veloped in |22| . 

The QAT (or, rather, the inverse) relates the Hilbert space of solutions of the Schrodinger 
equation for the Galilean particle 

ih— = (4) 
dr 2m dn^ ' 

to the corresponding Hilbert space T-Lt of the DHO. The QAT can be written as 
A: Ut ^ n? 



"2(*) „2 



(5) 



where A* denotes the pullback operation corresponding to the classical Arnold transformation 
A [23]: 

A: RxT — ^MxT' 

(^,r) = ^((x,t))=(^,^), 

and T and T' are open intervals of the real line containing t = and r = 0, respectively. 
Here u\{t) and U2{t) are independent solutions of ([2]), satisfying the initial conditions ui(0) = 
0,«2(0) = l,ui(0) = 1,M2(0) = and W{t) = ui{t)u2{t) - ui{t)u2{t) (see [25]). For the DHO 
they are: 

lii(t) = — e"2* sinOt, 'U2(t) = e~2*cosOt + -^e~2*sinOt, (7) 
for which W{t) = e~^^, and 



f] = ya;2-^. (8) 

Note that these solutions have good limit in the case of critical damping uj = ^. 

As already remarked, the basic symmetries of the free system are inherited by the DHO sys- 
tem, and we are now able to transform the infinitesimal generators of translations (the Galilean 
momentum operator vr, corresponding to the classical conserved quantity 'momentum') and 
non-relativistic boosts (the position operator k, corresponding to the classical conserved quan- 
tity 'initial position'). They are, explicitly, 

ih d , , 

K = K + —T—, 10 

m OK 

that is, those basic, canonically commuting operators with constant expectation values, that 
respect the solutions of the free Schrodinger equation, have constant matrix elements and fall 
down to well defined, time- independent operators in the Hilbert space of the free particle -L^(M), 



0- 

The basic quantum operators, as derived by means of the inverse QAT on vr and k are: 

P = -ih^—^(2Q. cosOt + 7 smVtt)— + (7^ + 40^) sinOtx, (11) 

2\l ox Ail ' 

— ~~ d 

X = —(20. cosilt-7 sm.Q.t)x + ih — — sm.Q.t— . (12) 
2Q^ ' ' mVt dx ^ ' 



4 



with 



X,P =ih. 



(13) 



3 Deriving dissipative forces from a symmetry 

Even though it is possible to set up a clear framework to deal with the quantum DHO system 
by employing the QAT, it does not provide by itself a well-defined operator associated with the 
actual time evolution. As mentioned in the Introduction, this is rooted in the fact that the 
conventional time evolution is not included in the symmetry group that can be imported from 
the free system: the Hamiltonian does not preserve the Hilbert space of solutions of the DHO 
Schrodinger equation. One may wonder what happens if time evolution symmetry is forced. We 
shall pursue this issue for the damped harmonic oscillator in this Section. 

3.1 Time symmetry 

Historically, Caldirola and Kanai derived their Hamiltonian from the Bateman one by means 
of time-dependent canonical transformations. Now we are going to proceed in the opposite 
direction, deriving Bateman Hamiltonian from Caldirola-Kanai one by purely symmetry consid- 
erations. 

In the damped harmonic oscillator, neither the operator ih^, nor Hdho (which coincides 
with the former on solutions) close under commutation with X and P (see equations ()12p and 
pip ). We will impose the condition for the time translation to be a symmetry. But will do it 
in an elegant way, trying to close an algebra of (constant, symmetry generating) observables, 
taking advantage of the expressions for the basic operators obtained by the quantum Arnold 
transformation. So, we wonder if it is possible to incorporate into the basic Lie algebra 
of operators, trying to close an enlarged Lie algebra acting on the (possibly enlarged) Hilbert 
space %f The answer to this question is in the affirmative, but it requires a delicate analysis. 
The resulting enlarged algebra will include X,P,H = and four more generators (plus the 
central one /), denoted by Q,Yl,Gi and 

Together with the generators X and P and the Hamiltonian, let us introduce the following 
operators: 



^In the simpler case of the damped particle, infinitely many new generators can be included in its Lie algebra. 
See Appendix 14.21 for further details. 




G2 



Gi 




(-4a;2 + 7^ cos 2$7t + 27O sin 20t) 

7 2 

sin nt , 
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so that they close the seven-dimensional algebra: 



H,X 
H,Q 



ihl 

— G2 

m 

—ihGi + ih-^G2 
m 

ih 



-lih-yX P + ih-fQ 

m 



P,n 

H,P 
H,U 
H,G2 



2ihGi + ihl 
ihGi 

—ihmijj^G2 
2ihmuj^X — ihmuj'^Q 
—Sihmuj'^X + 2ihmiJ^Q — ihjIL 
-2ihGi + ih-iG2 - 2ihi 



We see that this algebra corresponds to a centrally extended algebra. The central extensions 
determine the actual basic conjugated pairs and classify possible quantizations. The operators 

Q and 11 (plus /) expand a Heisenberg-Weyl subalgebra, and Gi and G2 expand a 2-D affine 

algebra (with H acting as dilations). However, in this realization Q and 11 are not basic (this can 
be seen as an anomaly), and H and G2 are basic, resulting in time being a canonical variable. 
Clearly, this is not satisfactory, and an alternative description should be looked for. 

Our strategy here is to consider other possible quantizations of the un-extended algebra. A 
detailed study of the (projective) representations of the enlarged (7+1) dimensional Lie algebra 
(that is, the possible central extensions) is going to show that there are three relevant kinds of 
representations, describing systems with different degrees of freedom. 

Thinking of the algebra above as an abstract Lie algebra, it can be shown that a parameter 
k controls the central extensions which are allowed by the Jacobi identity: 



X,P 


= ihl 




= 2ihGi + ihkl 


'X,Q 


ih^ 
ni 


x,u 


= ihGi 


Q,p 


= -ihGi + ihjG2 + ih{l - k)i 


P,u 


= —ihmuj^G2 


H,X 


m 

= -2ih-iX - —P + ih-fO 
m 


H,P 


= 2ihmuP'X — ihmoj'^Q 




H,Il 


= —Sihmuj'^ X + 2ih'muj'^Q — ihjil 


H, Gi 


= -ihjGi + 2ihio^G2 \h, G2 


= -2ihGi + ih'^G2 - ih{l + k)i 



It is convenient to perform the shift: 

Q = -Q + {l-k)X 
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so that the actual degrees of freedom diagonalize: 



X,P 
X,Q 

Q,P 

H,Q 

H,Gi 



ihl 

G2 

m 

ihGi — ih'yG2 
m 

ihj{i + k)x + -P 

m 

ih 

+ ih-fQ + —(1 - k)U 
m 



Q,n 
x,i{ 
An 

H,P 
H,U 

H, Go 



-ih{k + l)Gi - ihkl 
ihGi 

—ihmuP'G2 

ihmuj^{l + k)X + ihmuj^Q 
-ihmu?{2k + l)X 

— 2ihmiJ^Q — ihjil 
-2ihGi + ihjG2 - ih{l + k)i 



We can see that the representations of this algebra include: 

• For arbitrary k, a generic family with 3 degrees of freedom: (X,P), {Q,tl) and {H,G2), 
then time being a canonical variable. 

• For k = 1, already described, an anomalous family with 2 degrees of freedom: {X, P) and 
{H, G2), then time being a canonical variable. 

• For k = —1, a family with 2 degrees of freedom: {X,P) and {Q,Il). 

Clearly, the interesting case is the third one, since it contains two degrees of freedom and 
time is not a canonical variable. Its algebra is given by: 



: ihl 
■- ihGi 

■- —ihmupG2 
- ihmoJ^Q 

■- ihmuj'^{X - 2Q) 
ih'-flL 

-2ihGi + ih-iG2 ■ 



X,P 


= ihi 


Q,n 


X,Q 


ih^ 

= Ct2 

m 


x,u 


Q,P 


= ihGi — ih^G2 


P,U 


H,X 


m 


H,P 


H,Q 


ih , - 
= -{P + 2U) 
m 

+ ih'-fQ 





H,Gi 



-ihjGi + 2ihw'^G2 



H, G2 



In this case the operators Gi and G2 are gauge (they commute with the basic couples {X, P) 
and ((5,n)) and therefore are represented trivially. 
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The effective dimension of the algebra is 5 + 1: {X,P), {Q,Il), H and /. 





= ihi 


X,Q 


= 


Q,P 


= 




= ^n 

m 


H,Q 


= -(P + 2fl) 

m 

+ ihjQ 





= ihi 


X,U 


= 


An 


= 


H,P 


= ihmuP'Q 


H,Il 


= ihmuP'{X 







Here H is not a basic operator, and can be written in terms of the basic ones in an irreducible 
representation: 



H 



-UP-]-{QU + UQ) ' -'^ 

m 1 



+ mui'^XQ — mw^Q^ • 



m 



The classical version of the Hamiltonian is: 



H 



1 



n 



—UP - jQU + muj^XQ - moj^Q 



m 



m 



(14) 



3.2 Bateman's system 



The classical Hamiltonian (jl4p can be transformed, using the linear, constant, canonical 
transformation: 



X 
P 

Q 

n 



muj\/—'yiQ 
uj{px — m^y + mxiO) 

muj^y — [py — m^x)iQ, 
mojyj —^iVt 
u){px + m^y + mxiVi) 



into the Bateman dual Hamiltonian 

PxPy , 7 



Hb 



+ T;iyPy - xPx) + mn xy , 



m 2 

that describes a damped particle {x,px) and its time reversal {y,Py)- 



X + JX + 00 X = . 
The quantum Bateman Hamiltonian is: 



Hb = + ^(yPj/ - xpx) + mVL^xy , 
ml 



(15) 



(16) 



:i7) 



(18) 
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and the Schrodinger equation for the Bateman's system is given bjH: 



ih 



dt 



m oxoy 2 oy ox 



{x,y,t) . 



(19) 



The system is conservative, so our objective of including time evolution among the symme- 
tries has been accomplished, at the cost of including a new degree of freedom. Hb closes a 5+1 
dimensional algebra with {x,Px) and {y,py): 



[x,y] 
[y,Px] 

Hb,x 
HB,y 



ihl 





— {-Py + m-x) 
m 2 

— {-Px - m-y) 
m 2 



[y,Py 


] =ihl 


[X,py 


]=0 


[Px,Py 


]=0 


Hb,Px 


= ih{- 


HB,Py 





(20) 



However, it has been argued that the quantum Bateman's system possesses inconsistencies, 
like complex eigenvalues and non-normalizable eigenstates. Chruscihski & Jurkowski |33) showed 
that Hb has real, continuous spectrum (we will provide a prove of this in Subsection 14. ip . and 
that the complex eigenvalues are associated with resonances, which in last instance are the 
responsible of dissipation. 



3.3 Bateman's group law 



The Lie algebra (|20p can be exponentiated to give a Lie group, whose group law we have 
found to be: 



t" = t' + t 

. 7^ Py 7£ 

X = X + X e 2 cos H 7- e 2 sin Qt 

II I 11 ^ P't il . ^ 

y = y + y e 2 cos ^It H 7- e 2 sm fit 

mil 

II I 2I. I 2I. 

Px = Px + Px^ cos fit — mfl y e 2 sin fit 

.7* 



Py = Py + p'ye 2 cos fit — mfl X e 2 gin fit 

Qlt (^'(^gsif 'Ph cos f2t— X e~2' cos Ci+mri X J/' e ~2" sin f2t+^^ p^-Py e~2" sinSlf} 



This group law had not been considered previously in the literature, up to the author's 
knowledge. 



The Bateman system admits an equivalent description in terms of a real, first-order, Schrodinger equation 
(see Subsection 14. ip 
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The corresponding left-invariant vector fields can be computed: 

vL ^ , ^ 7 , Pyx ^ , /7 , 9 



Xy 



Px 



^ - El" 

dx h 
d_ 

dy 
d 

dpx 

and also the right-invariant ones: 
X^ - ^ 



X" = e 2 cosi^t— mQe 2 sinQt- — 

ox OPy 



X 



~ T-» 7£ C) d 1 , 7*. 7^ . , I 

X.. =62 cosilt— mQe^ s'mQt— \-t\Pv^'^ cosQt + mQxe^ s'mQtj'B 

" oy opx n 

-r^R ll „9 It*. ^5 l,7i ^ 1 7i.^,„ 

A„ = e 2 cosUt- 1 7^6 2 smUt- -(xe2 cosiZi t^Pv^^ smiltjr. 

ap^^^ miZ oy n mil 

-r^R -ll d 1 _7t . ^ 9 

X„ = e 2 cosQt- 1 — e 2 smOt— . 

apy mSZ ox 

These vector fields close the Lie algebra (j20p . provided that obvious identifications are made. 



4 A note on the quantization of the Bateman's dual system 

4.1 First-order Schrodinger equation 

Usual Canonical Quantization leads to either position space or momentum space representa- 
tion and a corresponding second-order Schodinger equation. However, inspecting the Bateman's 
Lie algebra, it is possible to check that a full first-order polarization exists: 

= {Xy ,Xp^,X^) . 

The first two polarization conditions determine that wave functions are (?7(l)-functions) 
depending only on {x,Py,t). The last polarization equation X^%1^ = determines the condition 
on functions on the reduced space, (j){x,Py,t): 

dt~ ^ 2^+ m'dx ^ ""^^ ""'dpy- 

We have arrived at a first-order partial differential equation that must be interpreted as 
a first-order Schrodinger equation in a mixed representation position-momentum. In fact, the 
same result can be obtained performing Canonical Quantization for the Bateman Hamiltonian 
Hb in this mixed representation. Let us emphasize that this has been strongly suggested by the 
group structure and the GAQ algorithm. 
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The corresponding time-independent Schrodinger equation is written: 

The general solution of this equation can be found in terms of the complex variable z = Py + 
imVtx: 

where / is an arbitrary function of its argument. 

Let us focus in the case of underdamping, where Vt is real. We must determine whether (f) is 

well defined. To this end, we assume that / is a power of its argument, (zz*)^^^^ , and we 
write: 

Now, the wave function have to be well-defined. This imposes a "quantization" condition on the 
spectrum. 

On the one hand, recall that zz* is real. For to be at least Dirac-delta normalizable, A 
must be chosen to be pure imaginary: 

X = iX, AgM. 

On the other hand, ^ is a pure phase, with twice the argument of z. The exponent of ^ must 
be half- integer so that we can get a well-defined function of z: 



E - h'yX = nMl =^ E = nMl + Xhj 



That is, we obtain a spectrum which has an integer part and a continuous part. 

These results coincide with those in [33], although here they are obtained in a quicker and 
neater way. The reason is that they quantize angular variables and hence the basic operator 
"multiply by the angle" is not defined. We have avoided this problem. However, it is somewhat 
surprising that both spectrums coincide. 

The fact that the spectrum of Hb has an integer part and a continuous part suggests that 
Hb can be split into a compact operator (of the harmonic oscillator type) and another operator 
with an unbounded, continuous spectrum. This splitting should be found in the Lie algebra of 
the Bateman's group, and is under investigation. 

4.2 Back to Caldirola-Kanai system 

Historically, Bateman firstly derived Hb, and later Caldirola and Kanai obtained Hdho 
using time-dependent canonical transformations. Here we have gone the opposite way, started 
from HoHO and derived Hb closing a finite Lie algebra. Now we wonder if we can do the way 
back to the Caldirola-Kanai system. The answer, again, is positive, and can be achieved by 
using constraints. To know how to proceed, let us analyse first the classical case. 

Classically, Bateman's system and a pair of dual Caldirola-Kanai systems share the same 
second-order equations of motion. If we impose them to share the first-order, Hamilton equa- 
tions, the following constraint must be satisfied: 

Py = e' px + m-x . (21) 
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These constraints, although time dependent, preserve the equations of motion since they are 
equivalent to a relation among initials constants: 



Pyo = Pxo + m-xo . (22) 

These constraints can be seen to be of second-order type, besides being time-dependent, 
therefore care should be taken when imposing them: Dirac theory for constraints can be used 
or we can embed the constraints in a time-dependent canonical transformation before applying 
them. 

But we are interested in the quantum derivation. Therefore we try to impose the operator 
constraints: 

. 7 



Py-Px- m-x = , (23) 

but only one of them can be imposed, since the operators at the Ihs of the equations canonically 
commute: they are of second order type. At the quantum level, only one of them can be imposed, 
therefore we must select one of them. If we impose the constraint, 

the Hilbert space reduces to those functions verifying: 

ie ''mnHCsc2(nt) (70^008 (2nt) + 2(ij2eT*2!'-n2j/)Sin{2nt)) 

(t>{x, y, t) = e ^ ^Pix', t) , (25) 

where x' = x + ^^ye~'^^fi{t), and /i(t) = (2 — ^Cot{Qt)). The Schrodinger equation for the 
Bateman's system reduces to: 



..ckKx^t) 



-7* 



2m(x!^ dx'^ 2 dx' 7 



i^ix',t). (26) 



When constraints are imposed, not all the operators acting on the original Hilbert space pre- 
serve the constrained Hilbert space. The notion of "good" (usually denoted gauge-independent in 
constrained gauge theories) operators as those preserving the constrained Hilbert space naturally 
emerges. 

In most of the cases "good" operators are characterized as those commuting with the con- 
straints (see |40| for a detailed account of quantum constraints in a group-theoretical setting 
and a more general characterization of "good" operators). In this case they are: 

2?nw2 ^ ^ 2mn^ ^ 
Px H X py X . (27) 

7 7 

Note that Hb (nor ih-^) is not among the "good" operators since it does not preserve the 
constrained Hilbert space. Therefore, time invariance is lost in the process of going from the 
Bateman's system to the Caldirola-Kanai system due to the very nature of the constraints 
imposed. 
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Now let us perform the transformation 



(28) 



where 



=7* 



fit) = - 4^^(;)2^/(^) ((-7(2 + Cos(2m)) + 20Sin(2m))r'(t) - j^tyitf + ^^it)T"it)) (29) 



g{t) = e 



1/4 



nsm\nt)fi{t) J 



r(t) = — ArcTan 



A£R-{0}. 



The Schrodinger equation finahy transforms into: 



«^^x(K,r) 



2m 



^ 1 

9k2 + 2 



' 1 — mco K e ' 



x(k,t) , 



(30) 
(31) 
(32) 

(33) 



which is the Caldirola-Kanai equation in the variables (k, r). Even more, the two independent 
operators (j27p preserving the constrained Hilbert space turn, under the previous transformation, 
to the basic operators for the Caldirola-Kanai system x{t) and p{t). Therefore, we have recovered 
completely the Caldirola-Kanai system from the Bateman's system by imposing one constraint. 

It should be stressed that r'(0) = 0, therefore the time transformation is singular at the 
origin and there are two disconnected regions, one with t > and other with t < 0. It also turns 
out that sign{T) = sign{A), therefore choosing appropriately the sign of A in each case we can 
map t > to T > and t < to r < 0, respectively. 

This kind of behavior coincides with the results of other authors (see |33| ) where, starting 
with the Bateman's system, they obtain two subspaces for which the restriction of the one 
parameter group of unitary time-evolution operators U{t) = e~fi*^^ produces two semigroups 
of operators, for t < and t > 0. 

Therefore, starting from the quantum, conservative, Bateman's system we have arrived to 
the quantum, time-dependent, Caldirola-Kanai system. All the process we have performed can 
be schematically showed as: 



Constraint 



Bateman 
t G M 
Conservative 



Closing algebra 



Caldirola-Kanai 
i G M+ or t e R- 
Dissipative 



(34) 



Appendix: Infinite-dimensional symmetry in the damped particle 

In this appendix, we turn our attention to the damped particle as the simplest case of 
physical system subjected to a dissipative force and perform a similar analysis to that carried 
out in Subsection 13.11 for the damped harmonic oscillator, forcing the introduction of the time 
symmetry. 
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The basic operators for the damped particle (obtained as the oj — )■ of the damped harmonic 
oscihator, see eq. ()lllll2p ) 

P = -in^, X = x + — (l-e-^*)|-. (35) 
ox rwy ox 

Reminding the operators ([35]), and renaming P = Pq, we introduce operators Pn and Yn (n 
an integer) 

Hg = ihe"- Hop = ih- (36) 

ax 

X = x + ^(l-e^*)|-. (38) 
m7 ox 

It is interesting that they close an infinite-dimensional Lie algebra 

[Hg, Pn] = -ih'ynPn-i [Hdp, Pn] = -ih'ynPn 

[Hg, X] = -i-Po [Hop, X] = -i-Pi 

m m 

[Hg,Hdp] = -ih-yHG [HDP,Yn] = -ih'ynYn 

[Hg, Yn] = -ih-fuYn-i [X, Pn] = hYn 

(other commutators vanish) which has the (centrally extended) Galilei algebra as a subalgebra, 
noting that Yq = i is the central generator. 

The generators in the right column, with n = 0, 1, also close a finite dimensional subalgebra 
in which Hdp is dynamical, conjugate of a combination of Pi and Yi, together with the couple 
X, Pq. a similar analysis to that of the damped harmonic oscillator is then possible, recovering 
the corresponding results when u = 0. 

However, we have found that it is possible to enlarge the algebra to an infinite-dimensional 
one, at least in the case of the damped particle, and new degrees of freedom arise. A deeper 
analysis of this matter is under study. 
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